A theory of the liquid helium film on the general lines of that due to Schiff (1941) ifi pro posed, the attraction between the walls of the container and the helium atoms being balanced against gravity, but the wave-like nature of the helium atoms and their mutual attractions are now considered. The predictions of the variation of film thickness with height agree with experiment in order of magnitude < A start is made on the problem of calculating the variation of film thickness with temperature, and a new interpretation of the rate of transfer of helium by the film is suggested.
Introduction
Theories of the formation of the Rollin film have been given by Frenkel (1940) , Schiff (1941) and by Bijl, de Boer & Michels (1941) . The first two authors gave theories which are based on classical considerations, except th a t they assume an attractive force of London type between the helium atoms and the atoms of the walls. Frenkel (1940) attem pts to account for the fact th a t ordinary liquids do not form such thick films by postulating th a t the relations between ther various surface energies involved may be different in helium from what they are in ordinary liquids, while Schiff (1941) points to the very small viscosity of liquid helium n , which might mean th a t ordinary liquids are unable to form such films because they would evaporate faster than fresh liquid could flow into them from the -bulk liquid, owing to the retarding effect of viscosity. Bijl et a l . (1941) postulate th a t the abnorma helium film is a consequence of the existence of zero-point energy, which 'blows out* the lattice-spacing of the atoms in the film in much the same way th a t the lattice spacing of the atoms in the liquid is greater than can b § accounted for on the basis of the interatomic forces (Simon 1934) . However, they assume for this zero-point energy of the film the expression h2/8 m t2 per atom, whe film, which is obtained by neglecting the interactions of the atoms with one another, and assuming th a t they are described by a wave function of sine type, vanishing a t the wall and at the outside boundary of the film. (In what follows, the 'inside' of the film is always to be taken to mean th a t part nearest the wall.) The form assumed for this zero-point energy has been severely criticized by Mott (1949) on the ground th a t such a term would be completely absent if interactions were taken into account in any reasonable way. For a film about 100 atoms thick, it, certainly seems th a t any zero-point energy would be mainly settled by the lattice-spacing, which would fix the volume available per atom, rather than directly by the film thickness.
D escription of the theory
The energy-levels available to a helium atom moving in an inverse-cube law potential due to the attraction of the wall are first considered. The strength of this attraction can be estimated from the adsorption energy, and it is shown that, by itself, this field is insufficient to provide bound states for atoms at distances of the order of 3 x 10~6 cm. from the wall. A similar problem is then Considered for a helium atom moving in the combined field of the wall, and of layers of atoms covering it, the attraction of the latter being estimated from the interaction potential for helium atoms. The behaviour of such a film in equilibrium with a liquid above and below the A point is next studied, on the assumption th at the liquid undergoes a ' BoseEinstein condensation', though a detailed knowledge of the energy-levels of the liquid is not required. I t is found th at the fact that the film is thick only below (and possibly for a short range above) the A point can be satisfactorily explained. The 'bound' states, representing an atom adsorbed on top of the film, are relatively few in number compared with the 'volume' states, representing an'atom moving about in the liquid or vapour phase, but they are, in general, of lower energy. As the film becomes thicker, the energy gain on going into a bound state becomes less, because of the rapidly diminishing attraction of the walls. Below the A point the film may continue to build up nearly to the thickness at which bound states are no longer possible, but above the A point the main consideration is th at there are relatively few bound states, and they will only fill as long as there is an appreciable energy gain to compensate for the small number of states. A theory of the variation of thickness of film with temperature is given, but there appear to be no reliable data available at present. However, by balancing the change of gravitational energy with height against the change of adsorption energy with thickness, it seems to be possible to get agreement with some unpublished data of L. C. Jackson on the variation of film thickness with height. Lastly, it seems possible to interpret physically the observed ' velocity of transfer ' and the observed effect of a constriction in the tube through which the film is flowing.
These bound states are presumably present on any boundary wall, even if it is submerged in the liquid, the bound states being sharply distinguished from the liquid states by the fact th at their wave functions vanish except in the immediate neigh bourhood of the wall. The existence of these additional states may not have any great effect on the equilibrium properties of the liquid, but certainly will affect the transport properties profoundly. It is hoped to examine this latter point in another paper.
It should be pointed out that another investigation of the writer's (to be published shortly) has shown that existing theories of the 'Bose-Einstein condensation' are unreliable in the transition region, though they give correct results at high and at low temperatures, and the qualitative prediction of a condensation effect is justified by more exact investigation. It is therefore likely th at the theory given in this paper of the variation of thickness of film with temperature is unreliable near the transition temperature, but it is put on record pending the discovery of an exact method of handling such theories in the transition region. It is assumed that the attraction of a wall molecule for a helium atom is of the London inverse sixth-power type, which leads to an inverse-cube law for the potential of a helium atom near a semi-infinite wall. where the closest distance of approach of the atom to the wall is the quantity p, so th at xjr must vanish for x zero. If the wall is bare, we take p equal to s, the atomic diameter (not the radius because the radius of an atom of the wall must be allowed for), while if the wall is covered with a film of thickness t, the closest distance of approach is then s + t. For E zero, equation (1) can be solved exactly, the solution being (x+p)* (the other solution becoming infinite a t infinity). We can estimate the constant k2, determining the strength of the attractive field, by the following argument. The adsorption energy of helium on glass is known (Keesom & Schweers 1941) to be in the region of 90 cal./mole. On a classical basis this would suggest a value of g 06 x 10^3 X ^ ^ X * ■ ' ~ x 10~38 t°r °r k2 -1*11 x 10~6 if s, the atomic diameter, is taken as 2-6 x 10_8cm., but we have still to verify th a t this field is sufficient to give a strongly bound state, so th a t the actual energy lies near the bottom of the potential well. If is the closest distance of pproach, the wave function must vanish a t x zero. The first non-trivial zero of J^q) is a t q 3-83, so th a t the condition for a bound state to be possible is ^ or p^ 3*02 x 10~7cm. We thus conclude th a t for = s, the effective diameter of a helium atom (taken as 2-6 x lu~8 cm.), the atom is very strongly bound and our assumption is justified. (As a m atter of fact, there is a second bound state lying above the one in question.) I t is possible to determine, by a variation method, the height of the bound state above the bottom of the well, and thus to compute a correction to k2, but since k2 is not required very accurately, this will not be done here. For this value of k2,the maximum value of p for which a bound state is possible is 3*02 x 10~7 cm. To account for a film of the order of 3 x 10-6 cm. thick, k2 would have to be increased by a factor of 10, which may be ruled out as quite impossible, in view of the adsorption data.
We therefore conclude th a t the attraction of the walls is incapable, by itself, of holding films of the observed thickness.
A ttraction b' y the combined field of wall and h
The wave equation may now be written
where the last two terms represent the van der Waals attraction due to the film of thickness t. The value of l2 is needed as accurately as possible, as the predictions of the theory prove to be sensitive to its precise value. Unfortunately, there are two sources of uncertainty. In the first place, the attractive force between two helium atoms is not known very accurately, in the second place we have no knowledge of the density of helium atoms in the film. We shall take the value 1-5 x 10~60 T 6 erg for the attraction potential between two atoms, which Keesom's discussion (chap, n of his book Helium) seems to show to be reasonably consistent with most of the evidence. As we are regarding the atoms as impenetrable spheres, we are not interested in the various repulsion potentials that have been proposed. We shall take the density to be the same as th at of the bulk liquid,* the reason for this being th at the density of most of the film is probably fixed by the same consideration that fixes th at of the bulk liquid, namely, a balance between the attractive forces and the 'zero-point repulsion' (Simon 1934) , rather than between the attractive and repulsive forces. No doubt, in the first few inside layers, the density is increased by the effect of the powerful field of the wall to a value approximating to that of the solid, but a rough calculation indicates th at this effect can hardly be appreciable beyond the third or fourth layer. (In the first layer the potential energy due to the wall is 90 cal./mole compared with a value of 70 cal./mole for the estimated zero-point energy of the bulk liquid.) By two simple integrations, we find th at the energy of a single atom due to the attraction of a slab of liquid of thickness t is given by the expression 7tN ( K_______ K __ \
\(a: + s)3 (:r-t-s-M)3/
if the attraction of a single atom is K/r6and the slab contains N a 2 the value 0*146 for the density, we obtain the value 1*73 xlO -38 for l 2 = 2*10 x 10-7.
n2m
We now determine the binding energy by a variational method. We are interested mainly in the case of small binding energies and £>s. This suggests that we / 3*83< s* \ use the function e-aa,(a; + s)* J,( ------rr) as a trial wave function, as it satisfies the \(* + *)v boundary conditions at the origin and at infinity, is obviously of the right form e~ax for x large, and is of nearly the right form for x small provided that the binding energy is small. Inserting this function in the usual formula E and minimizing with respect to a, we obtain the following expression for the binding energy when this quantity is small compared with the depth of the potential ' wells ':
e=--<dW )+V 2 ] 2 provid°d < 3>
The terms in 1/s2 and 1 jt2r epresent respectively the effect of the attrac l21 (a; + s)3 and (k2 -l2)l(x + s +t)3, while the term in 1 /s represents the kinetic ener that the atom possesses through being in a bound state. It is interesting to see that * I am very much indebted to Dr K. R. Atkins for this suggestion.
this formula contains a term in l It2, strictly speaking it is in 1 just like the de Boer-Michels-Bijl theory, but its origin is entirely different from the ljt2 term in the latter theory.
H. N. V. Temperley

Motion along the film boundary : the effect of gravity
Since the effect of an inverse-cube law of attraction is not the same as what one deduces on a purely classical basis, we have to examine whether we can use the classical expression for the gravitational energy. We suppose first th a t gravity acts along the z axis, but th a t the attractive forces do not vary significantly as we parallel to the surface. In this case, the wave equation in the z-direction can be solved exactly in terms of Bessel functions of order one-third, the wave function oscillating extremely rapidly with distance as long as the momentum along the z axis is real, but dying away to zero extremely rapidly as soon as the momentum becomes imaginary, so th a t it is quite safe to use the classical expression for the gravitational energy. If we make the opposite assumption th a t the attraction of the film does vary periodically with the ya nd z co-ordinates, so that, a t any i so to speak, adsorption sites a t the surface of the film, then again it is not difficult to show th a t the classical expression for the gravitational energy is adequate.
The reasonable assumption is made that, travelling up the film, the binding energy of the atoms in the outside layer remains the same, so th a t the energy mgz has to be balanced against the effect of diminishing t in expression (3). Inserting the values t = 3 -5x 10~6cm., I2 = 2-10 x 10-7 cm., taken from Dr L. C. Jackson's unpublished measurements,* we arrive a t the following theoretical relation between z and t:
2-05 x 10~7 + From Jackson's measurements, extending to a range of 1 to 2 cm. above the liquid surface, one can conclude th a t dt/dz ~ 10-6. The spread of his measurements prevents us from determining the second derivative, but it appears to be small and positive. The value of the first derivative deduced from equation (4) is 1-8 x 10~7, which agrees in order of magnitude with observation, but it is doubtful how much significance can be attached to this, because the theoretical value changes extremely rapidly with the assumed values of s and l2 because of the sub expression (3) involving 1/s2 and 1/s. I2 is, in turn, sensitive to the assumed spacing of the atoms in the film. Slight disturbing effects due to the attraction of the main body of the liquid are possible very near its surface, but there does not seem to be a very pronounced meniscus in a stationary film. Dr Atkins,* from a consideration of his results on the oscillation of helium films, was led to postulate a law of the simple type tec AI z, but the constant A is left undetermined on account of the fact th a t the distribution of velocity through the thickness of a moving film is unknown. A law of the type (4) would conform approximately to a reciprocal law over a limited range of z. 
A theory of the film phenomena of liquid helium n 443 6. A THEORY OF THE VARIATION OF FILM THICKNESS WITH TEMPERATURE
The constant th a t appears in equation (4) may be expected to be some function of temperature. At absolute zero, we should expect all bound states whose energies are lower than that of the lowest liquid state to be occupied, and the film to thicken until they are no longer possible. Our imperfect knowledge of the constants involved makes ah attem pt to improve expression (3) by proceeding to higher approxima tions, as would be necessary in order to calculate such a limiting thickness, hardly worth while. As the temperature rises, a slight energy defect will be needed to hold the atoms on the surface of the film against thermal agitation, and it is this effect th at we want to examine.
We take the following simplified model of the film, supposing that in the y direction it consists of rows of sites of equal energy, each row containing M sites, each of which sites contains r states of equal energy. (This is equivalent to assuming th at the variation in the attractive field as we move parallel to the surface of the film is not intense enough to give more than a single, but perhaps r times degenerate, bound state for each site.) We take account of gravity by supposing that the binding energy decreases as z increases, and of the diminishing effect of the attraction of the walls by assuming a decrease in the binding energy as x increases. The energy of a site whose co-ordinates are (x, y, z) is therefore assumed to be
We suppose that the states described by equation (5) are in equilibrium with a liquid th at is capable of a Bose-Einstein condensation, the fundamental property required being that the lowest energy state in the liquid must be capable of being occupied any number of times up to N , the total number of atoms present. This state may or may not be separated by 'an energy gap from the excited liquid states, but the distribution of these states must be such as to give the condensation effect at the observed temperature. Now we plainly cannot ascribe to the bound states the property of being occupiable any number of times, because the formation of a monomolecular layer only requires a number of atoms of the order of A*, so th at the formation of a complete film only takes a relatively small number. We therefore make the assumption that each site can only be occupied once, the occupation of one of the r states associated with that site preventing the occupation of any of the others. This assumption is not in any sense equivalent to assuming that the attorns in the film obey Fermi-Dirac statistics, for it is quite compatible with their description by symmetrical wave functions. The states in which one or more sites are occupied twice are not ruled out by any symmetry restrictions, but by the fact that the repulsive fields of the atoms might be expected to give such states very high energies.
It is also obvious that the number of sites available in any one layer must depend on the state of occupation of the layers between it and the wall. We make the simplest possible assumption, namely, that the number of available sites in the y row with co-ordinates (x, z) is just the number of atoms occupying the adjoining y row (xq, z), where q is the spacing of the rows, so th at a vacant site in any layer implie vacancies in corresponding places in all layers farther away from the wall. We consider the case of r equal to unity, the generalization for other values being easily made. Consider the array of sites obtained by taking a section of the film in an xy plane, so th at z is the same for all of these sites. Let M be the number of sites in a y row. Suppose th at the number of occupied sites in the rows counting outwards from the wall are Nv N2, N3, ..., and th a t the energies associated with of these sites are E lf E 2, E z, .... The total number of possible si rows are respectively M, Nv N2, so th a t the number of possible ways in which an arrangement with these values of the N 's can be realized is j ..., or in the expression which is the coefficient of 8
A configuration of the type ...) contributes (Nx + N2 + Na+ ...) to the total number of atoms, a n d N1 E 1 + N2 E 2+ ... to the total energy. The array of sites in the xy plane th a t we are considering therefore contributes a factor
to the partition function. Provided th a t we are in a region of temperature where the saddle-point method of Fowler and Darwin can be applied, the condition th a t this array should be in equilibrium with the volume states constituting the liquid is simply 6 = e~llkT, x = A, where T is the temperature of the liq degeneracy parameter associated with the liquid states. Since the film only contains a relatively small number of atoms, the mode of occupation of the bound states will not have any significant effect on the equilibrium properties of the liquid. They will, however, affect the transport properties of the liquid profoundly, as they may be expected to occur on any surface to which the liquid has access, even though it is covered by the liquid. I t is hoped to study this point in another paper. Here, we are only concerned to obtain a prediction of the way in which film thickness may be expected to vary with temperature, for which purpose we need an estimate of the degeneracy parameter A for the liquid. In the Bose-Einstein gas model the degeneracy parameter is not significantly different from unity below the transition temperature, but this is only because the energy of the very lowest state is practicallŷ
zero. The occupation of the lowest state of the liquid varies as --» where E 0 is the energy of this state, so th a t below the transition temperature A should be practically equal to eE°/fcT, while it will fall rapidly from this value as the temperature rises above the transition point. Examination of the method of deriving expression (6) shows th a t each of the M factors is the partition function for a single site on the inside layer nearest the wall, together with the sites in the outer layers which do not come into existence until this one is occupied. Thus, the first term corresponds to this site being empty, the second one to just this site being filled, the third term to this site and the one im mediately outside it being filled, the fourth term to three sites along a line drawn outwards in the x direction being filled and so on. The probability of a site in the <th layer, counting outwards, being occupied is thus simply (3) and (4), because we have neglected firs'; of all the attractive forces between atoms in the same layer, secondly, the terms arising from d2\frjdy2, d2ijrjdz2 (which may also be regarded as zero-point en terms analogous to the term involving 1/s in equation (3)), and lastly the attraction of atoms on those nearer the wall, which means that the potential energy of an atom newly added to a layer is not given precisely by equation (4), but that a correction is necessary to allow for the 'loosening' effect of the attraction of this atom on the layers already formed. (Incidentally the last correction is in the right direction to account for the discrepancy between the calculated and observed 'slope' dtjdz of the film.) These points have been taken care of qualitatively by the postulate we made above that the spacing of the atoms in the film is the same as that in the liquid and is due to effectively the same balance between attractive forces and the increase of zero-point energy with density. It therefore seems worth while examining the consequences of various assumptions on these fines.
Assumption A . The energy E 0 lies above the*energies E n associated with the film states. This would result in all the possible bound states being occupied below the A point so th at the thickness of the film should be constant until one goes above this temperature.
Assumption B, that E 0 lies below all the energies E n associated with the film states, would mean th at the film would disappear at absolute zero because all the atoms would go into the state E 0, so that we seem forced to make Assumption C, that the energy E 0 lies somewhere within the range of energies E n. At absolute zero the only liquid state occupied is the state E 0, and just those film states will be occupied that result in a gain of energy if an atom is transferred from the liquid to the film. As the temperature rises, atoms are excited out of the state E 0 into higher liquid states, and some of the film states of higher energy than E 0 become occupied, that is, we should expect the film to thicken as the temperature rises, becoming thinner as we pass through the transition temperature, that is, the film thickness should pass through a maximum.
As E 0 is probably of the order of -15cal./mole, that is, numerically very much greater than the changes in energy in most of the film layers due to the effects of the wall and gravity, it is not possible to predict a pri which of should be made. In § 7 we shall suggest a little evidence in favour of assumption C.
The 'characteristic velocity' of the film
Various experiments, such as those by D aunt & Mendelsohn (1939) , indicate th a t the rate of transfer of helium along a surface of given perimeter varies-with tem perature, but is almost independent of the pressure-head between the two ends of the film. On the picture we have drawn, this process should consist mainly of the jumping of atoms from their existing adsorption sites to neighbouring ones which are empty, and possibly some ' leap-frogging ' to empty sites in layers nearer the wall. Ceteris jparibus, such an effect should be proportional to the minimum perimeter of the surface. The transition probability for such a process could be calculated quantum-mechanically if the height of the potential barriers between neighbouring sites could be estimated, but one would expect it to increase as the film becomes thicker and one recedes from the walls, when the spacing of the atoms probably becomes greater, and the barriers consequently lower. If so, most of the transfer is due to the motion of atoms in the outer layers, and the observed rate of transfer should provide a rough measure of the height of the potential barriers in the outer layers, and thus indirectly a measure of the thickness of the film. Thus, the fact th a t the rate of transfer seems to pass through a maximum a t 1*6 to 1*8° K suggests th a t the film thickness passes through a maximum here also. The rate of transfer is probably a rather sensitive measure of the thickness, and the fact th a t it falls to unobservably small values a t the transition temperature does not mean th a t the thickness has fallen to zero, but merely th a t the potential barriers are preventing the transfer from being rapid. The experiments of Kistemaker (1947) prove th a t films about 30 atoms thick can be formed even above the transition point.
[Note added in proof.] Since the above was w ritten, Dr L. C. Jackson has kindly shown me the results of some preliminary measurements on the variation of film thickness with temperature. These do seem to be consistent with the hypothesis th a t the thickness passes through a flat maximum somewhere between 1 and 2° K, and thus afford some slight confirmation of the suggestions made in § 7.
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